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(1) Overpotential during Plating
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Deriving Hemispherical Growth Model, 𝐫𝐡𝐬 𝐭

Overpotential in Lithium batteries
caused by dendritic growth [2]

Overpotential model proposed by Barton and
Bockris can be used to derive hard-to-measure
material constants

Diffusion Model
Fitting Parameters:
𝐀 = 𝟖. 𝟏𝟏 ⋅ 𝟏𝟎!𝟐

𝐁 = 𝟑. 𝟏𝟓 ⋅ 𝟏𝟎!𝟒

𝐂 = 𝟕. 𝟎𝟏 ⋅ 𝟏𝟎!𝟐

Sodium Plating data

Fitted Parameters:
𝑨 = 2.11𝐸 − 01
𝑩 = 1.30𝐸 − 07
𝑪 = 2.31𝐸 − 01

I0 = 8.59E-05 mA/cm^2
D*n^(1/3) = 1.83E-01 Dm^2/s
Gamma*n^(1/3) = 1.34E+03 J/dm^2

(A) Derive Barton-Bockris model in 
terms of r 𝐄𝐁𝐁(𝐫)

(B) Select dataset to model 𝐄𝐝𝐚𝐭𝐚(𝐭)

(C) Select growth model 𝐫𝐦(𝐭)

(D) Substitute growth model into 
BB model 𝐄𝐁𝐁(𝐫𝐦(𝐭))

(E) Generalize BB model for fitting 𝐄𝐁𝐁(𝐭, 𝐀, 𝐁, 𝐂)

(F) Use code to fit data/ extract fit 
parameters (𝐀, 𝐁, 𝐂)

(G) From parameters, calculate 
material properties (𝐈𝐨, 𝐃, 𝛄)

Volume of semi-spherical dendrite, 𝐕(𝐫)

𝐫

Volume of n semi-spherical dendrites, 𝐧𝐕(𝐫)
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𝐄(𝐭) = 𝐄𝐎𝐂𝐕 ± 𝛈 𝐭

𝛈𝐁𝐁 𝐫 = 𝛈𝐚(𝐈) + 𝛈𝐝(𝐫, 𝐈) + 𝛈𝐢(𝐫)
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𝟐𝛑𝐳𝐅𝛒𝐧

𝟏
𝟑

𝐫𝐡𝐬 𝐭 = 𝟎. 𝟕𝟖𝟐
𝐌𝐈
𝐳𝐅𝛒𝐧

𝟏
𝟑
𝐭
𝟏
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𝛈𝐁𝐁 𝐭 =
𝐑𝐓
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𝟑
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𝟏
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Plugging 𝐫𝐡𝐬 𝐭 into Barton-Bockris Model

𝐈𝟎 = 𝐈 𝐞𝐱𝐩(−𝐀 𝐳𝐅
𝐑𝐓
) 𝐃𝐣𝐧

𝟏
𝟑 = 𝟎. 𝟕𝟖𝟐 𝐑𝐓
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(4) Diffusion Growth Model

Plugging 𝐫𝐡𝐬 𝐭 into Barton-Bockris Model

𝛈𝐁𝐁 𝐭 = 𝐀 + 𝐁𝐭
𝟏
𝟑 + 𝐂𝐭&

𝟏
𝟑

Diffusion Model
Derived Properties:
𝐢𝟎 = 𝟒. 𝟐𝟔 ⋅ 𝟏𝟎!𝟐 𝐦𝐀

𝐜𝐦𝟐

𝐃 = 𝟕. 𝟏𝟓 ⋅ 𝟏𝟎!𝟑 𝐝𝐦
𝟐

𝐬

𝛄 = 𝟐. 𝟐𝟎 ⋅ 𝟏𝟎𝟒 𝐉
𝐝𝐦𝟐

𝛈𝐁𝐁 𝐭 =
𝐑𝐓
𝐳𝐅

𝐥𝐧
𝐈
𝐈𝟎

+
𝐑𝐓𝐈

𝐳𝟐𝐅𝟐𝐃
𝟏
𝟐𝐂𝐣𝐀

𝐭
𝟏
𝟐 +

𝟐𝛄𝐌

𝐳𝐅𝛒𝐃
𝟏
𝟐

𝐭.
𝟏
𝟐

Plugging 𝐫𝐠𝐝 𝐭 into Barton-Bockris Model

𝐈𝟎 = 𝐈 𝐞𝐱𝐩(−𝐀 𝐳𝐅
𝐑𝐓
) 𝐃 = 𝐑𝐓𝐈

𝐳𝟐𝐅𝟐𝐁𝐂𝐣𝐀

𝟐
𝛄 = 𝐂𝐳𝐅𝛒𝐃

𝟏
𝟐

𝟐𝐌

Plugging 𝐫𝐠𝐝 𝐭 into Barton-Bockris Model

𝛈𝐁𝐁 𝐭 = 𝐀 + 𝐁𝐭
𝟏
𝟐 + 𝐂𝐭)

𝟏
𝟐

General Diffusion Growth Model, 𝐫𝐠𝐝 𝐭

𝐫𝐠𝐝(𝐭) = 𝐃𝐭

(6) Fitting Na Plating on Cu Data
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Hemispherical Model
Fitting Parameters:
𝐀 = 𝟐. 𝟏𝟏 ⋅ 𝟏𝟎!𝟏

𝐁 = 𝟏. 𝟑𝟎 ⋅ 𝟏𝟎!𝟕

𝐂 = 𝟐. 𝟑𝟏 ⋅ 𝟏𝟎!𝟏

Hemispherical Model
Derived Properties:
𝐢𝟎 = 𝟖. 𝟓𝟗 ⋅ 𝟏𝟎!𝟓 𝐦𝐀

𝐜𝐦𝟐

𝐃𝐣𝐧
𝟏
𝟑 = 𝟏. 𝟖𝟑 ⋅ 𝟏𝟎!𝟏 𝐝𝐦

𝟐

𝐬

𝛄𝐧
𝟏
𝟑 = 𝟏. 𝟑𝟒 ⋅ 𝟏𝟎𝟑 𝐉

𝐝𝐦𝟐

Hemispherical Model
Fitting Parameters:
𝐀 = 𝟔. 𝟕𝟖𝟓 ⋅ 𝟏𝟎!𝟐

𝐁 = 𝟏. 𝟓𝟑𝟓 ⋅ 𝟏𝟎!𝟑

𝐂 = 𝟐. 𝟗𝟗𝟔 ⋅ 𝟏𝟎!𝟏

Hemispherical Model
Derived Properties:

𝐢𝟎 = 𝟐. 𝟑𝟐 ⋅ 𝟏𝟎!𝟐 𝐦𝐀
𝐜𝐦𝟐

𝐃𝐣𝐧
𝟏
𝟑 = 𝟑. 𝟎𝟒 ⋅ 𝟏𝟎!𝟓 𝐝𝐦

𝟐

𝐬

𝛄𝐧
𝟏
𝟑 = 𝟐. 𝟔𝟑 ⋅ 𝟏𝟎!𝟓 𝐉

𝐝𝐦𝟐
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